ABSTRACT. Let T\ and T2 be two classical integral transforms whose inverse formulas coincide with themselves, satisfying the mixed Parseval equation
Introduction.
One of the most usual procedures for generalizing a classical transform consists in constructing a testing function space where the transform turns out to be a closed mapping, the generalized transform being defined as the adjoint operator of the classical transform. Sometimes this definition appears as an extension of the corresponding Parseval equation, as in the case of the distributional Hankel transformation investigated by Zemanian [7, 9] , On the other hand, most of the time it does not occur, as is the case for Schwartz's Hankel transformation [2] So far, in the available literature, the generalized transformation T[ (T2) is defined as the adjoint operator of Ti (T2). However, (1.5) suggests we define T{ as the adjoint operator of T2, and T2 as the adjoint of Ti.
The success of the works of Zemanian [7, 9] concerning the generalized Hankel transformation lies in the fact that setting a = 0 and K(x,y) = s/xyJli(xy) (Jp. (h2,p.g)(y) = G2(y) = y Jfi(xy)g(x) dx, h^i = h2,p.; Jo Watson [6, p. 456] established the inversion theorem for (1.6). On the other hand, taking into account the relation between (1.6) and (1.7) given by G2(y) = yhi,fi[x~1g(x)\ one can similarly prove for (1.7) THEOREM 1. Letp>-\.
Ify-xl2g(y)ELx(ü,<x>), then
in a neighborhood of every point y = x > 0 where g(y) is of bounded variation.
By invoking Fubini's Theorem, we get THEOREM 2. Letp>-\. Ifx1/2f(x)EL1(Q,oo) and y~1/2G2(y) E L1(0,oo) then
Jo where now Fi(y) = (hi^f)(y) and G2(y) = (h2,p.g)(y)-Since(1.8) is analogous to (1.5), it will be called the mixed Parseval equation for the Hankel transformations (1.6) and (1.7).
In this work we shall use the same notation and terminology as that used in [9] .
2. The testing function spaces 22i,M and H2,ß and their duals. Let p be any reai number. 22iiM is the linear space of all infinitely differentiable complexvalued functions <p(x) defined on 2 = (0, oo) such that
exists for each pair of nonnegative integers m and k.
On the other hand, the space H2,ß consists of all infinitely differentiable complexvalued functions ip(x) defined on 2 for which
The members of 22,iM {i -1,2), and their derivatives of any order, are functions of rapid descent at infinity. On the contrary, <p(x) E Hitll implies that <p(x) = 0(i'i) near the origin. And if ip{x) belongs to H2,ß, then ip{x) = 0(x^+1) as x -* 0+.
These spaces and their duals coincide essentially with the spaces of Zemanian 
Jo
Note that the last integral exists since / E 22iiM. Moreover, it can be seen that two members of Hi<tl, which generate the same regular member of H2 ", are identical. Hence, 22iiM can be identified with a certain subspace of H'2 M and the inclusion Hi¡t¡ C H'2n is now justified, on the condition that p > -|. The inclusion H2,ß C 22{ " must be interpreted in a similar way. Throughout this work we deal with the following differential operators:
When they are understood as conventional or classical operators, we have PROPOSITION l. The operator Qß is a continuous linear mapping of 22iii(+i into Hitß.
The operator Rß is an isomorphism from 22i,M onto 22i,M+i. The operator Q* is an isomorphism from H2,ß onto 222iM_|_i. The operator 22* is a continuous linear mapping of H2,ß+i into H2,ß.
But, if the above operators act on generalized functions, we can establish the following proposition. 
The generalized
Hankel transformation h[ . Let p be restricted to -^ < p < oo. Every member of 22iiM satisfies the hypotheses of the Hankel transform inversion theorem [6, p. 456] , Therefore, the classical Hankel transform hiiß, as given in (1.6), exists for all f(x) E 22iiM. An argument similar to the one used by Zemanian in [7] allows us to assure THEOREM 3. The Hankel transformation hitß is an automorphism on Hiß for As the members of H2,ß fulfill the requirements of Theorem 1, the following Gan also be asserted. 
